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Abstract
Phase separation into a jammed phase and a free-ﬂow phase is a well understood feature observed in vehicular traﬃc. Experiments
have shown a similar behavior for pedestrians, though the situation is more complicated. The two separate phases in single-ﬁle
pedestrian movement are a jammed high-density phase and a phase of medium to high density with slowly moving pedestrians.
We propose a one-dimensional Stochastic Headway Dependent Velocity Model (SHDV) which is continuous in space but discrete
in time. The velocity of each agent depends on its headway and on its velocity. The SHDV model can qualitatively reproduce the
experimentally observed phase separation at high densities and the observed velocity distribution. The SHDV model provides a
deeper understanding of the basic mechanism that leads to the unusual kind of phase separation observed in the experiments.
c© 2014 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of PED2014.
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1. Introduction
Strong evidence for phase separation in single-ﬁle pedestrian motion has been found in experiments performed by
Seyfried et al. (2010) with up to 70 pedestrians. From the trajectories that can be extracted automatically by tracking
the heads of the pedestrian (Boltes et al. (2010)), at high densities a separation into a jammed phase with non-moving
pedestrians and a phase of slowly moving pedestrians can be observed (see Sec. 3). Surprisingly, this kind of phase
separation is rather diﬀerent from that observed in vehicular traﬃc. In the latter, jams coexist with areas of free ﬂow
(see e.g. Schadschneider et al. (2010) and references therein). Therefore a diﬀerent mechanism for phase separation
is required and a simple modiﬁcation of models of highway traﬃc will not work for pedestrian dynamics.
The experimental data cover about 140s and a measurement section of 4m of the whole experimental setup of
approximately 26m length. Due to these limitations we do not have reliable information about the lifetime of the
phase separated state. Also it can not be excluded that more than one jam has formed, although this appears to be
unlikely from observations during the experiment.
∗ Corresponding author.
E-mail address: as@thp.uni-koeln.de
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/3.0/).
Peer-review under responsibility of Department of Transport & Planning Faculty of Civil Engineering and Geosciences 
Delft University of Technology
  o  t i      )
401 Christian Eilhardt and Andreas Schadschneider /  Transportation Research Procedia  2 ( 2014 )  400 – 405 
2. Deﬁnition of the SHDV model
In order to obtain more insight into the mechanism of phase separation in single-ﬁle pestrian motion we have
introduced the Stochastic Headway Dependent Velocity (SHDV) model (see Eilhardt and Schadschneider (2014) and
Eilhardt (2014)). It is a one-dimensional space-continuous model with discrete time. The reaction time of a pedestrian
provides a natural timescale for the discrete timestep Δt similar to cellular automata models. As in the experiments,
periodic boundary conditions are applied and the system length is chosen as 26m. Each pedestrian is represented by
an point-like agent. In fact we will see later that the dynamics introduces a minimal distance between the agents that
might be interpreted as an eﬀective size.
The initial conﬁguration used in the simulations are ‘almost homogeneous’ which is very similar to that in the
experiments. It is achieved by ﬁrst distributing the agents homogeneously and then shifting each position slightly
using a Gauss distributed random variable which is cut oﬀ to prevent overlapping of agents.
The dynamics of the model is determined by a set of simple rules which are applied simultaneously to all agents
(parallel update) in each timestep:
1. The headway hi of each pedestrian i is calculated.
2. The velocity vi of each agent i is calculated from the piecewise linear velocity function v(hi) depicted in Fig. 1:
vi = v(hi), v(h) =
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩
0 for h ≤ d
α(h − d) + vmin for d < h < dc
vmax for h ≥ dc
(1)
3. Slow-to-start rule: If the agent did not move in the last timestep, its velocity remains zero with the stopping
probability p0. With probability 1 − p0 it takes the value given by equation (1).
4. Each agent moves with velocity vi determined in the previous step and its position changes by Δx = vi · Δt.
5. Time is advanced by Δt: t → t + Δt.
Fig. 1. Piecewise linear velocity function v(h) used in the simulations.
The simulations are performed with Δt = 0.3s and p0 = 0.5. The parameter values for the velocity function are
d = 0.4m, vmax = 1.2ms , vmin = 0.1
m
s , α =
1
2 s
−1 and dc = d+ 1α (vmax − vmin) = 2.6m. Agents with headways larger than
the interaction range dc move at maximum velocity vmax. Furthermore they have a minimum velocity vmin. An agent i
is only allowed to move if its headway hi exceeds a lower threshold d. This distance includes the space occupied by
the pedestrian itself. Due to the discrete timestep, the actual minimum distance dmin between agents can be smaller
than d (see Eilhardt and Schadschneider (2014) and Eilhardt (2014)):
dmin ≥ d − vmin · Δt . (2)
For our choice of parameters we ﬁnd dmin ≥ 0.37m. The ﬁnal parameter α is the slope of the velocity function.
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The slow-to-start rule in Step 3. is the essential mechanism for phase separation in models of vehicular traﬃc (see
e.g. Barlovic et al. (1998)). Here its main eﬀect is the stabilization of the jam. In combination with the other elements
of the dynamics it leads to a moving phase of low speed.
In contrast to typical continuous models, the SHDV model can be implemented without the need for approxima-
tions, e.g. discretization of time. This prevents the emergence of artifacts which depend on the implementation such
as the details of the time discretization.
3. Results
3.1. Fundamental Diagram
First we compare in Fig. 2 the fundamental diagram of the SHDV model in the stationary state to the experimen-
tal data (for details about the simulations, see Eilhardt and Schadschneider (2014)). Three distinct regimes can be
distinguished in the fundamental diagram of the SHDV model. At low densities, all agents move at maximum ve-
locity and with large headways. The movement is completely deterministic. At intermediate densities, interactions
between the agents become relevant. In the stationary state the agents are spaced evenly with headway h = 1
ρ
. Thus
the velocity of each agent is proportional to 1
ρ
and there are no standing agents. At high densities the velocity is
Fig. 2. Global (left) and local (right) fundamental diagrams of both simulation and experimental data.
not determined uniquely by the local density. There are two branches in the local fundamental diagram since some
agents have velocity v = 0 and some agents are moving slowly. The global fundamental diagram, on the other hand,
shows an approximately linear decline due to the averaging of standing and moving agents. At higher densities the
fraction of moving agents as well as the velocity of the moving agents decrease. This can be seen in more detail in
the velocity distribution (Fig. 3). The reason for the gap near ρ = 2.3 m−1 in the global fundamental diagram is the
beginning relevance of the stopping probability. The size of the gap depends on the value of p0. The stochasticity of
the dynamics becomes relevant at higher densities. It leads to a scattering of the data points in the local fundamental
diagram and small ﬂuctuations in the global fundamental diagram.
In the experimental fundamental diagram these regions can not be distinguished clearly. This could be related
to the much larger scattering of the data points and the lack of data for very large densities. However, it should be
kept in mind that the purpose of the SHDV model is not a perfect reproduction of the empirical data, especially the
fundamental diagram. Instead it should be considered as a toy model that helps to clarify the mechanism behind
the unusual phase separation in single-ﬁle pedestrian ﬂows at high densities. Keeping this in mind, the qualitative
agreement between the experimental and model fundamental diagrams is quite reasonable.
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3.2. Velocity Distribution
Fig. 3 shows the velocity distribution based on the local density deﬁnition for several density intervals. The size
of each velocity bin is 0.005 ms . The density bins for the model data are diﬀerent from those of the experimental
data because the transition to a completely jammed state occurs in a smaller density interval than in the experiment.
This leads to sharper and more pronounced peaks in the model data compared to the broader experimental data. The
diﬀerence is further ampliﬁed by the intrinsic stochasticity of real pedestrians and the measurement process.
In the experimental data, negative velocities can be observed. This is because, for technical reasons, the position
of the head of each pedestrian has been tracked in the experiment, instead of the center of mass. The broadening of
the measured velocity distribution results from additional head movement (swaying).
Increasing the stopping probability p0 leads to a larger density range in which phase separation can be observed
and thereby results in a broader velocity distribution than shown here. It does however also lead to more unrealistic
pedestrian behavior since agents might wait a long time before they start to move.
Fig. 3. Velocity distribution of the experiment (left) and the model (right) for diﬀerent density regimes.
The comparison shows a good qualitative agreement of the experimental and theoretical velocity distributions. For
higher densities both show a two-peak structure with peaks at v = 0 and v = 0.1 − 0.15 ms . With increasing density,
the height of the ﬁrst peak, corresponding to the fraction of standing agents, increases and the position of the second
peak shifts to smaller velocities.
3.3. Trajectories
The fundamental diagram and the velocity distribution already provide good evidence for a coexistence of moving
and standing agents at high densities. However it is not clear whether two distinct phases are formed. The results
would still be consistent with a state where many congested areas are formed in the system. This can be clariﬁed with
the help of the trajectories.
Fig. 4 shows that both experimental and model data feature a separation into two distinct phases: a standing phase
and a phase with slowly moving pedestrians. Small ﬂuctuations in the experimental trajectories come from head
movements of the pedestrians. Note that the separation in two distinct phases in the model occurs at a slightly lower
density (ρ = 2.5 m−1) than in the experiment (ρ = 2.7 m−1). As can be seen in the global trajectories in Fig. 4, it takes
about 50 to 100 s for the system to organize into a phase separated state. After this relaxation time only one jammed
and one moving phase remain for at least 100, 000 s. The details of the phase separation depend on the density. The
size of the standing phase increases with increasing density. The velocity in the slow-moving phase decreases slightly
with increasing density. Phase separation occurs only in a relatively small density interval. For smaller densities, the
distribution is homogeneous and at larger densities the system comes to a complete standstill.
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3.4. Order parameter
An alternative way to detect phase separation is to deﬁne an appropriate order parameter δ which can describe the
inhomogeneity of the particle distribution in one-dimensional systems. Such an order parameter has been introduced
in Ikura et al. (2013) in a slightly diﬀerent context.
Since the SHDV model is deﬁned in a one-dimensional geometry with periodic boundary conditions, the position
of each pedestrian j can be interpreted as a point on a circle. This point can be uniquely characterized by the angle α j
deﬁned in Fig. 5(a) which allows to associate a complex number z j = exp(i ·α j) with its position. The order parameter
is then deﬁned as
δ =
1
Nδ
·
∣∣∣∣∣∣∣
∑N
j=1 exp(i · α j)
N
∣∣∣∣∣∣∣
(3)
where N is the number of agents in the simulation and Nδ is a normalization factor. The (non-normalized) order
parameter is the average of the positions z j of all agents in the complex plane. When the agents are homogeneously
spaced, the contributions from agents on opposite sides of the circle cancel each other out and the order parameter
equals zero (Fig. 5(b)). This is also true for an odd number of agents. The order parameter is, however, also equal to
zero when there are two jams of the same size on opposite sides of the circle Fig. 5(c). However, for inhomogeneous
distributions as that in Fig. 5(d) the order parameter becomes large. Therefore it can be used to distinguish between
states with one large jam in the system on the one hand and states with two or more distinct jams or a random mix of
standing and moving agents on the other hand. The order parameter is large in the ﬁrst case and much smaller in the
second case while the velocity distributions might look very similar.
The normalization factor is deﬁned as the maximum value of the non-normalized order parameter for a given
density. This ensures that the normalized order parameter deﬁned in equation (3) is always equal to 1 for a completely
inhomogeneous agent distribution. The maximum possible non-normalized order parameter depends on the density:
as multiple agents cannot occupy the same position the average of their position vectors is bound to be smaller than 1.
The normalization of the order parameter allows meaningful comparisons between diﬀerent densities. Fig. 6 shows
the normalization factor as a function of the density for the SHDV model, calculated from a system which is in a
completely inhomogeneous state, that is in a ‘megajam’. Note that the normalization factor for space-continuous
Fig. 4. Experimental trajectories (left), model trajectories zoomed in to an equivalent area (middle), and model trajectories of the whole system.
Fig. 5. (a) Order parameter deﬁnition. (b) Homogeneous distribution of agents. (c) Two opposing jams. (d) Inhomogeneous distribution of agents.
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Fig. 6. Left: Normalization factor for the order parameter. Right: Normalized order parameter.
models or experimental data depends on the minimal distance between agents which is is clearly deﬁned in the SHDV
model, but not necessarily in other models and experimental data.
Fig. 6 shows the normalized order parameter of the SHDVmodel as a function of the global density for 5 simulation
runs. For very low densities below 0.4 m−1 the stationary state, and thus the order parameter, depends strongly on the
initial condition. This can be seen e.g. for N = 2. The agents will move independently if their initial positions are not
too close. If they start at opposite positions on the circle, the order parameter will be small. In contrast, for starting
positions where they are relatively close to each other, the order parameter is large.
At medium densities up to about 2.3 m−1 the system has a unique homogeneous stationary state with order parame-
ter δ = 0. For high densities between 2.3 m−1 and 2.6 m−1, we ﬁnd δ > 0 because the system enters the phase-separated
state. The coexistence of jam and slowly-moving phase prevents δ from becoming large. δ is again of order zero at
very high densities beyond 2.6 m−1 where movement is no longer possible as can be seen in the fundamental diagram.
The system starts with an almost homogeneous initial condition and therefore stays in an almost homogeneous state
with order parameter slightly larger than zero.
4. Conclusions and Outlook
We have shown that the Stochastic Headway Dependent Velocity Model is able to reproduce the empirically ob-
served phase separation in single-ﬁle pedestrian motion at high densities The essential features, i.e. the coexistence
of jammed and slowly-moving phases, the fundamental diagram and velocity distribution as well as the trajectories,
are reproduced at least qualitatively quite well. Thus we believe that it captures the basic mechanism for this kind of
phase separation. For a better quantitative agreement with the empirical data an extension of the model is necessary.
Work in this direction has been started and results will be reported elsewhere.
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